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Abstract
The modeling of the term structure of interest rates is one of important topics for researches in financial economics. Here
we consider a model of the instantaneous interest rate in discrete processes, which may be regarded as a discrete version 
of the usual continuous process models. We compute the price of the zero-coupon bond. Our methodology of analysis is 
based on the framework of discrete stochastic calculus.
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1. Introduction
The term structure of interest rates has been the subject of intensive studies in financial economics
[1][2][6][10].
One major approach is to proclaim a priori the dynamics of the instantaneous (spot or short) interest rate.
Let ܲ ൌ ܲሺݐǢ ܶሻ denote the price of the zero-coupon bond at time ݐ with ܲሺܶǢ ܶሻ ൌ ͳ at the maturity ܶ, then
the instantaneous forward interest rate ݂ሺݐǢ ܶሻ is defined by
fሺݐǢ ܶሻ ൌ െ డ୪୭୥௉ሺ௧Ǣ ்ሻడ் Ǥ
The instantaneous interest rate ݎ ൌ ݎሺݐሻ is given by
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ݎሺݐሻ ൌ ݂ሺݐǢ ݐሻǤ
In the context of one-factor model, the spot interest rateݎ is assumed to follow a mean reverting process 
of the form 
݀ݎ ൌ ߢሺߠ െ ݎሻ݀ݐ ൅ ߪݎఉ݀ ௧ܹ                                                      (1)
where Ⱦ ൒ Ͳ is a parameter, and Ɉǡ Ʌǡ ɐ are positive constants representing the rate of reversion, long term 
interest rate, and the volatility of the interest rate, respectively. It is denoted by ݀௧ the standard Brownian 
motion.  
After the famous work by Vasiček [13], the model (1) of the short interest rate has been extensively studied 
so far. We refer to, for instance, [7][8][11][12][14] and the references cited therein. 
Here we are concerned with the model of the short interest rate in the case of discrete processes. A discrete 
versionof the model (1) is discussed; we mainly treat discrete Vasiček model, discrete Ho-Lee model, and 
discrete Hull-White model. Our methodology is based on the framework of discrete stochastic calculus 
[3][4][5]. The main goal of the current research is to compute the price of the discounted bond within these 
models, which will be presented in Section 4. 
 
2. Model 
Let ݐ ൌ Ͳǡ ͳǡ ʹǡ൉൉൉ denote discrete time series and let ሼܤ௧ሽ௧ୀ଴ǡଵǡଶǡ൉൉൉with ܤ଴ ൌ Ͳ be the one-dimensional 
random walk: 
ܤ௧㸻෍ܼ௡
㹲
௡ୀଵ
ǡ 
where ሼܼ௡ሽ௡ୀଵǡଶǡ൉൉൉are independent and identically distributed (i.i.d.) random variables assumed to satisfy 
ܲሺܼ௡ ൌ ͳሻ ൌ ܲሺܼ௡ ൌ െͳሻ ൌ ଵଶ ,݊ ൌ ͳǡ ʹǡ൉൉൉ 
That is, we treat the symmetric random walk. This restriction is just for simplicity and generalizations are also 
possible. 
     In this paper, the basic process ሼܺ௧ሽ௧ୀ଴ǡଵǡଶǡ൉൉൉ for the short rate is assumed to be given by the following 
discrete stochastic processes ([8, 11]). 
ܺ௧ାଵ െ ܺ௧ ൌ ߤሺܺ௧ǡ ݐሻ ൅ ߪሺܺ௧ǡ ݐሻሺܤ௧ାଵ െ ܤ௧ሻǡݐ ൌ Ͳǡͳǡʹǡڮǡ                                            (2) 
where ߤ ൌ ߤሺݔǡ ݐሻǡ ߪ ൌ ߪሺܺ௧ǡ ݐሻ are given continuous functions. The model corresponding to Equation (1) 
will be ݎ ൌ ݎሺܺ௧ሻwith ߤሺݔǡ ݐሻ㸻ߢሺߠ െ ݔሻ and ߪሺݔǡ ݐሻ ൌ ߪݔఉ . 
The next examples of Equation (2) will be mainly considered in this article. 
 
Example 1. Discrete Vasiček model ([1]) (discrete Ornstein-Uhlenbeck model). 
ߤሺݔǡ ݐሻ ൌ ܽ െ ܾݔǡߪሺݔǡ ݐሻ ൌ ߪ, 
whereܽǡ ܾǡ ߪare positive constants. We thus obtain 
ܺ௧ାଵ െ ܺ௧ ൌ ܽ െ ܾܺ௧ ൅ ߪሺܤ௧ାଵ െ ܤ௧ሻǡݐ ൌ ͲǡͳǡʹǡڮǤ 
Example 2. Discrete Ho-Lee model ([5]). 
ߤሺݔǡ ݐሻ ൌ ߠሺݐሻǡߪሺݔǡ ݐሻ ൌ ߪ, 
whereߠ ൌ ߠሺݐሻ is a given function and ߪ is a positive constant. We thus obtain 
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ܺ௧ାଵ െ ܺ௧ ൌ ߠሺݐሻ ൅ ߪሺܤ௧ାଵ െ ܤ௧ሻǡݐ ൌ ͲǡͳǡʹǡڮǤ 
Example 3. Discrete Hull-White model ([6]) (discrete extended Vasiček model). 
ߤሺݔǡ ݐሻ ൌ ߠሺݐሻ െ ܽሺݐሻݔǡ ߪሺݔǡ ݐሻ ൌ ߪሺݐሻ, 
whereߠ ൌ ߠሺݐሻǡ ܽ ൌ ܽሺݐሻǡ ߪ ൌ ߪሺݐሻ are given functions. We thus obtain 
ܺ௧ାଵ െ ܺ௧ ൌ ߠሺݐሻ െ ܽሺݐሻܺ௧ ൅ ߪሺݐሻሺܤ௧ାଵ െ ܤ௧ሻǡݐ ൌ ͲǡͳǡʹǡڮǤ 
Example 4. Discrete Cox-Ingersoll-Ross (CIR) model ([2]). 
ߤሺݔǡ ݐሻ ൌ ܽ െ ܾݔߪሺݔǡ ݐሻ ൌ ߪξݔ
where ܽǡ ܾǡ ߪare positive constants. We thus obtain 
ܺ௧ାଵ െ ܺ௧ ൌ ܽ െ ܾܺ௧ ൅ ߪඥܺ௧ሺܤ௧ାଵ െ ܤ௧ሻǡݐ ൌ ͲǡͳǡʹǡڮǤ 
Example 5. The discrete model corresponding to (1). 
ߤሺݔǡ ݐሻ ൌ ߢሺߠ െ ݔሻߪሺݔǡ ݐሻ ൌ ߪݔఉ 
where Ⱦ ൒ Ͳ and Ɉǡ Ʌǡ ɐ are positive constants. We thus obtain 
ܺ௧ାଵ െ ܺ௧ ൌ ߢሺߠ െ ܺ௧ሻ ൅ ߪܺ௧ఉሺܤ௧ାଵ െ ܤ௧ሻǡݐ ൌ ͲǡͳǡʹǡڮǤ 
3. Basic quantities 
In this section, we compute the standard quantities of Examples 1-3 in Section 2 above; namely, the mean 
ܧሾܺ௧ሿand the variance ܸሾܺ௧ሿ will be provided. These quantities give basic informationof the model itself. 
     The results are summarized as follows. 
 
Example 1 (continued) (see [8]). It follows that 
ܺ௧ାଵ
ሺͳ െ ܾሻ௧ାଵ െ
ܺ௧
ሺͳ െ ܾሻ௧ ൌ
ܽ ൅ ߪܼ௧ାଵ
ሺͳ െ ܾሻ௧ାଵ 
ܺ௧ ൌ ሺͳ െ ܾሻ௧ܺ଴ െ
ܽ
ܾ ሺሺͳ െ ܾሻ
௧ െ ͳሻ ൅ ɐሺͳ െ ܾሻ௧෍ ܼ௡ሺͳ െ ܾሻ௡
௧
௡ୀଵ
ǡ 
from which we have 
ܧሾܺ௧ሿ ൌ ሺͳ െ ܾሻ௧ܺ଴ െ
ܽ
ܾ ሺሺͳ െ ܾሻ
௧ െ ͳሻ 
ܸሾܺ௧ሿ ൌ ߪଶ
ሺͳ െ ܾሻଶ௧ െ ͳ
ሺͳ െ ܾሻଶ െ ͳ Ǥ 
 
Example 2 (continued). It follows that 
ܺ௧ ൌ ܺ଴ ൅෍ߠ௡
௧ିଵ
௡ୀ଴
൅ ɐ෍ܼ௡
௧
௡ୀଵ
ǡ 
from which we have 
ܧሾܺ௧ሿ ൌ ܺ଴ ൅ σ ߠ௡௧ିଵ௡ୀ଴ ǡܸሾܺ௧ሿ ൌ ߪଶݐ. 
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Example 3 (continued). It follows that, forݐ ൒ ͳ, 
ܺ௧ ൌෑሺͳ െ ܽሺ݊ሻሻܺ଴
௧ିଵ
௡ୀ଴
൅෍ෑ൫ͳ െ ܽሺݐ െ ݇ ൅ ͳሻ൯
௡
௞ୀଶ
௧
௡ୀଵ
ሺߠሺݐ െ ݊ሻ ൅ ߪሺݐ െ ݊ሻܼ௧ା௡ିଵሻǡ 
from which we have 
ܧሾܺ௧ሿ ൌ ෍ߠሺݐ െ ݊ሻෑ൫ͳ െ ܽሺݐ െ ݇ ൅ ͳሻ൯
௡
௞ୀଶ
௧
௡ୀଵ
൅ෑሺͳ െ ܽሺ݊ሻሻܺ଴
௧ିଵ
௡ୀ଴
ǡ 
ܸሾܺ௧ሿ ൌ ෍ߠሺݐ െ ݊ሻଶෑ൫ͳ െ ܽሺݐ െ ݇ ൅ ͳሻ൯ଶ
௡
௞ୀଶ
௧
௡ୀଵ
Ǥ 
In the above formula, we understand by convention that ς ή௡௞ୀଶ ൌ Ͳ for ݊ ൌ ͳ. 
4. Pricing problems 
Here we compute the current price ܲሺͲǡ ܶሻ of the discounted zero-coupon bond with maturity T, which are 
given in Section 2. In our discrete setting, ܲሺͲǡ ܶሻ is expressed as in the next Theorem.  
Theorem. The price of the discounted  zero coupon bond is 
ܲሺͲǡ ܶሻ ൌ ܧ ൥ ൭െ෍ܺ௡
்
௡ୀ଴
൱൩Ǥ 
 
The rest of the analysis is to compute ܲሺͲǡ ܶሻwith ݐ ൌ Ͳ for specific models. The results are 
summarized as follows. 
 
Example 1 (continued). Taking into account that ܼ௡ are independent, we deduce that 
ܲሺͲǡ ܶሻ ൌ  ൭െ෍ሺͳ െ ܾሻ௡ܺ଴ ൅
ܽ
ܾ ሺͳ െ ሺͳ െ ܾሻ
௡ሻ
்
௡ୀ଴
൱ ή ܧ ൥ ൭െߪܾ෍ሺͳ െ ሺͳ െ ܾሻ
௡ሻܼ௡
்
௡ୀଵ
൱൩ 
ൌ  ൭െ෍ሺͳ െ ܾሻ௡ܺ଴ ൅
ܽ
ܾ ሺͳ െ ሺͳ െ ܾሻ
௡ሻ
்
௡ୀ଴
൱ ήෑ൫ߪሺܶ െ ݊ ൅ ͳሻ൯
்
௡ୀଵ
Ǥ 
Example 2 (continued). We calculate 
ܲሺͲǡ ܶሻ ൌ  ൭െ෍ܺ଴
்
௡ୀ଴
െ෍෍ߠ௞
௡ିଵ
௞ୀ଴
்
௡ୀ଴
൱ ή ܧ ൥ ൭െߪ෍෍ܼ௞
௡
௞ୀଵ
்
௡ୀଵ
൱൩ 
ൌ  ൭െሺܶ ൅ ͳሻܺ଴ െ෍ሺܶ െ ݊ሻߠ௡
்
௡ୀ଴
൱ ήෑ൫ߪሺܶ െ ݊ ൅ ͳሻ൯
்
௡ୀଵ
Ǥ 
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Example 3 (continued). We compute 
ܲሺͲǡ ܶሻ ൌ ቌെቌͳ ൅෍ෑሺͳ െ ܽሺ݇ሻሻ
௡ିଵ
௞ୀ଴
்
௡ୀଵ
ቍܺ଴ቍ 
ή ܧ ቎ቌെ෍෍ෑ൫ͳ െ ܽሺ݊ െ ݆ ൅ ͳሻ൯
௞
௝ୀଶ
௡
௞ୀଵ
்
௡ୀଵ
ሺߠሺ݊ െ ݇ሻ ൅ ߪሺ݊ െ ݇ሻܼ௡ାଵି௞ሻቍ቏ 
ൌ  ቌെቌͳ ൅෍ෑሺͳ െ ܽሺ݇ሻሻ
௡ିଵ
௞ୀ଴
்
௡ୀଵ
ቍܺ଴ቍ ή ܧ ቎ቌെ෍෍ ෑ ൫ͳ െ ܽሺ݆ሻ൯
௡ି௞ିଵ
௝ୀଵ
௡
௞ୀଵ
்
௡ୀଵ
ሺߠሺ݇ሻ ൅ ߪሺ݇ሻܼ௞ାଵሻቍ቏ 
ൌ  ቌെቌͳ ൅෍ෑሺͳ െ ܽሺ݇ሻሻ
௡ିଵ
௞ୀ଴
்
௡ୀଵ
ቍܺ଴ቍ ή ܧ ቎ቌെ෍ ෍ ෑ ൫ͳ െ ܽሺ݆ሻ൯
௡ି௞ିଵ
௝ୀଵ
்
௡ୀ௞ାଵ
்ିଵ
௞ୀ଴
ሺߠሺ݇ሻ ൅ ߪሺ݇ሻܼ௞ାଵሻቍ቏ 
ൌ ቌെቌͳ ൅෍ෑሺͳ െ ܽሺ݇ሻሻ
௡ିଵ
௞ୀ଴
்
௡ୀଵ
ቍܺ଴ቍ ή  ቌെ෍ ෍ ෑ ൫ͳ െ ܽሺ݆ሻ൯
௞ି௡ିଵ
௝ୀଵ
்
௞ୀ௡ାଵ
்ିଵ
௡ୀ଴
ߠሺ݊ሻቍ 
ήෑቌ ෍ ෑ ൫ͳ െ ܽሺ݆ሻ൯
௞ି௡ିଵ
௝ୀଵ
்
௞ୀ௡ାଵ
ߪሺ݊ሻቍ
்ିଵ
௡ୀ଴
Ǥ 
 
     The formula of Example 3 is complicated; however, there seems to be no further simplification.  
 
5. Discussions 
We have dealt with instantaneous interest rate models in discrete processes. An analogue of various well-
known continuous short rate models is mainly investigated. However, for general models with ݔ-dependent 
volatility function ɐ ൌ ɐሺݔǢ ݐሻ, our computation does not work properly, which should be revisited in the 
further study. 
The price of the discounted zero-coupon bond within these models is computed. Although the resulting 
formulas are somewhat complicated, the application in the real world is expected. In this direction, the 
following modification of  (2) may be also useful (see also [4]): 
ܺ௧ାο௧ െ ܺ௧= Ɋሺܺ௧ǡ ݐሻοݐ ൅ ߪሺܺ௧ǡ ݐሻξοݐሺܤ௧ାο௧ െ ܤ௧ሻ .  
For example, in the case of discrete Ho-Lee model as in Example 2, namely,  
                               ܺ௧ାο௧ െ ܺ௧= Ʌሺݐሻοݐ ൅ ߪξοݐሺܤ௧ାο௧ െ ܤ௧ሻǡ 
we infer that   
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ܺ௡ο௧ ൌ ܺ଴ ൅෍ߠ௞οݐ
௡ିଵ
௞ୀ଴
൅ ɐ෍ξοݐܼ௞ο௧
௡
௞ୀଵ
ǡ 
and therefore 
ܧሾܺ௡ο௧ሿ ൌ ܺ଴ ൅෍ߠ௞οݐ
௡ିଵ
௞ୀ଴
ǡܸሾܺ௡ο௧ሿ ൌ ݊ߪଶοݐǤ 
Moreover, the price of the zero-coupon bond is  
ܲሺͲǡ ܶሻ ൌ  ൭െሺ݊ ൅ ͳሻܺ଴ െ෍ሺ݊ െ ݇ሻߠ௞οݐ
௡
௞ୀ଴
൱ ήෑ൫ߪሺ݊ െ ݇ ൅ ͳሻξοݐ൯
௡
௞ୀଵ
ǡ 
where ݊ ൌ ܶȀοݐ. Here the time step is taken to be οݐ which would be convenient to the calibration. This will 
be our next theme for future researches. 
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